Let the Fourier cosine transform ofa functionf(x) be denoted by g(x) and defined as and 00 00
G(x) = 2 'y(n/x)/x-y(t)dt n=l [1.5] form a pair of Fourier cosine transforms. In Section 2 we give a formal analysis of the sense in which the above statements are dual. In Section 3 we prove that the dual relation is valid for an arbitrary integrable function 0 that is "small" near zero and infinity.
Section 2. The Concepts of Reversion, Discrepancy, and Duality
We begin by writing the Poisson relation 1.2 in terms of three linear transformations %, X, and At as @%f(x) = gtaf(x).
[2.1] g(x) = 2 cos(27rxt)f(t)dt. Similarly, the dual relation 2.4 can be stated as follows: DUAL. The cosine transform of the discrepancy of a function is equal to the discrepancy of the reversion of the function.
It should be understood that neither the primal relation nor the dual relation is a universal theorem. Special conditions on the function f or 4 are needed.
Section 3. A Dual Poisson Theorem
We now make precise the meaning of being "small" near zero and infinity. THEOREM 1. In the dual Poisson relation let thefunction 4 satisfy Because this sawtooth function is piecewise continuously differentiable, and because it is equal to the average of its left and right limits at its jump points, the series converges to the function for all t, and its partial sums are uniformly bounded (see, e.g., section 18 of ref.
2).
Setting t = Ax, dividing both sides ofthis equation by x, and using Eqs. 3.5 and 3.6 yields the statements of Lemma 1.
To 
In order to interchange integration and summation in the last line we first consider a partial sum. Because 4 is absolutely integrable and fA(nt)h(nt/l) is bounded, we have
0o n=l in [3.12] We see from Eq. 3.5 that for each fixed t, p., and N the sum on the right is a partial sum of the series for R6fA(t). By Lemma I this sum is bounded, uniformly in t, N, and ,. Lemma 3 permits us to replace 4 by y = sty in this relation.
Then sty = 5t20 = 4, and we obtain relation 3.3.
The convergence statements of Theorem I follow directly from Lemmas 2 and 3. Poisson's formula, as expressed by Eq. 1.2, has been studied by Wintner (3) . He related it to the Euler-Maclaurin sum. In particular, he analyzed how rapidly the sum on the left of Eq. Analogs of Theorem I for the sine transform have been obtained by Duffin (4) (5) (6) . Analogs for the Hankel transform have been obtained by Weinberger (7) . Boas (8) has shown that Duffin's relation and a relation similar to our dual Poisson relation can be obtained by a formal interchange of summation and integration in the Poisson relation 1.2.
The fact that such relations arise as duals of the Poisson relation was not recognized in these previous studies.
